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Abstract
Hypotheses of the universal seesaw mechanism and the universal
strength for Yukawa couplings are applied to explain one possible ori-
gin of quasi-democratic mass matrices of a special type in a left-right
symmetric model with the gauge group SU(3)cSU(2)LSU(2)R
U(1). Two kinds of Higgs doublets are postulated to mediate scalar
interactions between the i-th generation of light fermion doublets and
the j-th generation of heavy fermion singlets with relative Yukawa
coupling constants of the exponential form eiφij , where φij are real
phase constants. The lowest seesaw approximation results effectively
in self-adjoint mass matrices which are quasi-democratic and have the
same diagonal elements. A set of values for the parameters φij is
found which reproduces the present experimental data for the abso-







Among various forms of mass matrices [1{6], quasi-democratic mass matrices
explain hierarchical structures of quark mass spectra and the CKM weak-
mixing matrix in a simple and systematic way [7{21]. In a previous article [21]
we investigated the eigenvalue problem of quasi-democratic mass matrices of
special type,
Mq = Mq ~Ωq, (q = u, d) (1)
















with phases satisfying the restriction
δq12 = 0, δ
q
23 = −δq31 = φq. (3)
Solving the mass eigenvalue problem in the rst order perturbation approx-
imation with respect to small deviations around the democratic limit aqj = 1
and φq = 0, we found sum rules for the absolute values of the CKM ma-
trix [22] elements and approximate expressions for the Jarlskog parame-
ter [23] and the Wolfenstein parameters [24], all of which are consistent
with the present experimental data. The purpose of this article is to de-
rive eectively the above specic mass matrices from the hypothesis of the
universal strength for Yukawa couplings (USY) through the universal seesaw
mechanism.
Branco, Silva and Rebelo [15] rst formulated the hypothesis of the USY







, (q = u, d) (4)
and there followed many similar investigations [16{19]. Fishbane and Hung
[19] gave an example of Higgs eld interactions that can produce the pure
phase mass matrices. Since these pure phase mass matrices are not necessar-




MqMyq and solve the eigenvalue problem for Hq. Note that our
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quasi-democratic mass matrices ~Ωq have the same form as the Hermitian
matrices Hq.
The universal seesaw mechanism (USM) [25{30] was invented to explain
the smallness of the charged fermion masses relative to the electroweak scale
by postulating the existence of exotic fermions belonging to electroweak sin-
glets. In Ref. [28] we considered the model based on the left-right-symmetric
gauge group [31]
G  SU(3)c  SU(2)L  SU(2)R  U(1)y,
where a group U(1)y is generated by a new charge y. In the model, the chiral
charges are assigned to the fermion and Higgs elds to distinguish genera-
tions and to restrict the pattern of the Yukawa interactions leading to mass
matrices of the extended Fritzsch type [5] in the lowest seesaw approximation.
In this article the universal seesaw mechanism is implemented with the
above mentioned left-right symmetric gauge group G [31]. We choose the
simplest Higgs structure with a pair of Higgs doublets χL and χR and pos-
tulate that these two doublets interact with the fermions with the universal
strength Y of the Yukawa couplings. Namely, the Higgs elds are assumed to
mediate scalar interactions between the i-th generation of the light fermion
doublets and the j-th generation of the heavy fermion singlets with Yukawa
coupling constants of form Y eiφij , where the φij are real phase constants.
Note here that the universality of the strength for Yukawa couplings is for-
mulated more stringently than that of Branco et al. [15], since Y is common
to the up- and down-quark sectors. The mass mQ (Q = U, D) is assigned
to the up- and down-heavy fermion singlets. Through the breakdown of the
symmetry G the Higgs doublets χL and χR acquire, respectively, the vacuum
expectation values wL and wR. Under the rst seesaw approximation, eec-
tive Hermitian mass matrices of the quasi-democratic form in Eqs. (1) and
(2) are obtained. To take the rst seesaw approximation corresponds just to
the product operation MqMyq, as shown by Branco et al. The mass scale Mq











Thus the scale dierence for the up- and down-quark sectors, Mu and Md, is
reduced to that of heavy quark masses, mU and mD. The departure of Mu
and Md from the electroweak scale wL is explained by the factor 9Y
2wR/mQ.
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Note that all results in the previous article [21] hold here, since the eec-
tive mass matrices coincides with the quasi-democratic mass matrix of the
specic form in Eqs. (1) and (2). Namely, the present model can inherit all
the results obtained there.
This article is organized as follows. The model is formulated in x2. We
derive the seesaw mass matrix in x3 and parametrize the eective mass ma-
trices in x4. Exact solutions of the mass eigenvalue problems are given, and
their relations with observable quantities are explained in x5. Results of
numerical analyses are given in x6, and discussion is given in x7.
2 Model
Fundamental quarks in the model are classied with respect to the underlying
gauge group G. The ordinary quarks belonging to the i-th generation (i =
















 (3, 1, 2; 1
3
), (7)
where the fourth entry in the parentheses is the y charge generating U(1)y
group. To implement USM, electroweak singlets of exotic quarks Ui and Di,
which have chiral projections transforming as
Uih = ( U
r Ug U b )ih  (3, 1, 1;
4
3
), (h = L, R) (8)
Dih = ( D
r Dg Db )ih  (3, 1, 1;−
2
3
) (h = L, R) (9)
are introduced as the seesaw partners for each generation.
We introduce SU(2)h (h = L, R) doublets of Higgs elds as
χL  (1, 2, 1;−1), χR  (1, 1, 2;−1), (10)













to break the left-right symmetry and the Weinberg-Salam symmetry. Here,
wL and wR are assumed to be real.
Our hypothesis of the USY asserts that the Higgs elds mediate scalar
interactions between the i-th generation of the light fermion doublets and the
j-th generation of the heavy fermion singlets with Yukawa coupling constants
of the form Y eiφ
f
ij (f = u, d). The heavy fermion singlets Uih (Dih) are
assumed to have a degenerate bare mass mU (mD). The most general form
of the fermion Lagrangian density LY satisfying these requirements, and





feiφuij qiLχLUjR + eiφdij qiL ~χLDjR + eiφuij qiRχRUjL + eiφdij qiR ~χRUjLg
−∑
i
fmU UiLUiR + mD DiLDiRg+ h.c., (12)
where ~χ = iσ2χ
. It is worthwhile to emphasize that Y is the common
strength of the Yukawa couplings for the up- and down-quark sectors. The
minus sign for the bare mass terms of heavy quarks is introduced to adjust
the sign of the eective quark mass matrices M qeff in x4.
3 Seesaw mass matrices
Spontaneous breakdowns of the underlying symmetry G induce 6 6 seesaw
mass matrices for the up- and down-quark sectors. The mass matrices are
expressed in seesaw block-matrix form as










where f = (f1, f2, f3)
T are the column vectors of three ordinary quarks (f =
u, d) in the generation space, and F = (F1, F2, F3)
T are the column vectors





f , MfR = wRM
fy (14)

























The submass matrix MF has the diagonal structure
MF = −
mF 0 00 mF 0
0 0 mF
 = −mF E, (16)
where E is 3 3 unit matrix.
On the assumption that
m2Q  Y 2w2R  Y 2w2L, (Q = U, D) (17)
we can apply the rst seesaw approximation by ignoring O(Y 2w2L,R/m2F ) in
comparison with 1. Note that this seesaw condition is the special one induced
by the hypothesis of USY. The seesaw mass matrices are block-diagonalized


























Here the component matrices ρfL and ρ
f





F )−1, ρfR = (M
F )−1MfR. (20)
Therefore,the eective mass matrices for the ordinary and exotic quarks, Mfeff
and MFeff , are obtained in the forms
Mfeff  −MfL(MF )−1MfR, MFeff  MF . (21)
4 Parametrization of effective mass matrices
Here let us use the suces q = u, d and Q = U, D, since our arguments are
restricted to quarks.
Owing to the specic structures of the component matrices M qL, M
q
R and
MQ, the eective mass matrix M qeff for ordinary quarks is expressed by the
Hermitian matrix
M qeff = −M qL(MQ)−1M qR =
wLwR
mQ
M qM qy. (22)
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In order to cast the eective mass matrix into the specic form in Eqs. (1)
and (2), we parametrize the Hermitian matrix M qM qy as























23 are real parameters which are expressed in




[3 + 2 cos(φq21 + φ
q
32 − φq22 − φq31) + 2 cos(φq21 + φq33 − φq31 − φq23)
+ 2 cos(φq32 + φ
q




[3 + 2 cos(φq11 + φ
q
32 − φq12 − φq31) + 2 cos(φq11 + φq33 − φq31 − φq13)
+ 2 cos(φq32 + φ
q




[3 + 2 cos(φq11 + φ
q
22 − φq12 − φq21) + 2 cos(φq11 + φq23 − φq21 − φq13)
+ 2 cos(φq22 + φ
q




sin(φq11 − φq21) + sin(φq12 − φq22) + sin(φq13 − φq23)





sin(φq11 − φq31) + sin(φq12 − φq32) + sin(φq13 − φq33)







sin(φq21 − φq31) + sin(φq22 − φq32) + sin(φq23 − φq33)
cos(φq21 − φq31) + cos(φq22 − φq32) + cos(φq23 − φq33)
]
. (29)
Note that, if the phases are redened by making the replacement φqij −
φqjj ) φqij, it is possible to eliminate the terms φii from all these expressions





5 Mass eigenvalue problems and observable
quantities
In the manner described above the rst seesaw approximation leads to the
eective mass matrices
M qeff = Mq
~Ωq, (30)






To solve the eigenvalue problems for eective mass matrices, it is convenient
to simplify ~Ωq further by the unitary (phase) transformation as

















with the unitary matrix given by
Pq =






























ei∆q(3~ωqj − 1)aq1 + aq2aq3
(3~ωqj − 1)2 − (aq3)2
 , (35)
where N qj are the normalization constants given by







Accordingly, the Hermitian matrix ~Ωq is diagonalized as














3 ) . (38)



































The masses mqj of ordinary quarks and the eigenvalues ~ω
q
j of the Hermitian
matrix ~Ωq are related by





































Therefore, the dierent mass scales in the up- and down-quark sectors come
from the dierence of bare masses of the exotic quarks U and D. The gaps
of the mass scales Mu and Md from the electroweak scale wL are suppressed
by the seesaw factor 9Y 2wR/mQ. It has been shown [29,30] that the seesaw
approximation for the up-quark sector does not work eectively in the usual
seesaw model. However, owing to the factor 9 in Eq. (31), which stems from
the USY, the seesaw approximation is justied in the present model.



























where E is the 3  3 unit matrix, and (f, F ) = (u, U) and (d, D). In the
rst seesaw approximation, the mass eigenstate f
(M)
L of left-handed ordinary
quarks is given by
f
(M)
L ’ U yfPyf (fL − ρfyL FL) (43)
in terms of the gauge eigenstates. Therefore the CKM matrix V [22] is
constructed to be
V = U yuPyuPdUd. (44)
In the case where u = d = 0, the eigenvalues ~ω
q
j and the eigenvectors
~vqj of matrices ~Ωq lose dependence on δ
q
ij . Therefore, in such a case, the CKM
matrix V depends only on the dierence φ = φu − φd, and it is allowed to
impose the condition φd = 0.
To realize the Wolfenstein parametrization [24] of the CKM matrix, which
is convenient to determine the shape of the unitarity triangle, we carry out the
phase transformation so that V11, V21, V12, V32 and V33 are real (V11, V12, V33 >
0 and V21, V32 < 0). As a result, we can obtain the Wolfenstein parameters
ρ and η as





jV12jjV21jjV23jjV32j , η ’
J
jV12jjV21jjV23jjV32j , (45)
where J is the rephasing invariant Jarlskog parameter [23]:
J = =(V23V12V 22V 13). (46)
In the next section, we report on the numerical analysis of observable
quantities using the solutions in Eqs. (35), (36) and (39) for the mass eigen-
value problems. To extract physically meaningful analytical relations, these
solutions are still too complicated. For this purpose it is therefore reasonable
to use approximate solutions, as was done in the previous article [21]. Here
it is worthwhile to emphasize that we can use all the results obtained there
on the quark mass dierences, the sum rules among the absolute values of
the CKM matrix, the analytic expressions for the Jarlskog and Wolfenstein
parameters in the situation considered presently.
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6 Numerical analysis
The world averages of the absolute values of the CKM matrix elements are
estimated by the particle data group [32] as follows: 0.9745  0.9760 0.217  0.224 0.0018  0.00450.217  0.224 0.9737  0.9753 0.036  0.042
0.004  0.013 0.035  0.042 0.9991  0.9994
 . (47)
Because the observed CKM matrix elements are given at mZ , it is necessary
to know the values of running quark masses at mZ . At the level of the 2-
loop renormalization group, Fusaoka and Koide [33] obtained the values of
running quark masses at mZ as
mu = 2.33
+0.42
−0.45 MeV, mc = 677
+56
−61 MeV, mt = 181 13 GeV,
md = 4.69
+0.60
−0.66 MeV, ms = 93.4
+11.8
−13.0 MeV, mb = 3.00 0.11 GeV.(48)
Using the solutions in Eqs. (35), (36) and (39) for the mass eigenvalue
problems, we proceeded with the numerical analysis and found a set of pa-
rameters which reproduces the experimental values of both the quark masses
and the absolute values of CKM matrix elements. A typical solution obtained
is as follows:
φu11 = 0, φ
u
12 = 0.01455, φ
u
13 = 0.07961,
φu21 = 0.002182, φ
u
22 = 0, φ
u
23 = 0.09198,
φu31 = 0.07509, φ
u
32 = −0.2360, φu33 = 0
(49)
and 
φd11 = 0, φ
d
12 = −0.1697, φd13 = 0.1970,
φd21 = −0.06880, φd22 = 0, φd23 = 0.09669,
φd31 = 0.4753, φ
d
32 = −0.4347, φd33 = 0.
(50)
Substituting these values into Eqs. (24)  (29), the values of the quasi-
democratic mass matrix elements are estimated to be
au3 = 0.9999, δ
u
12 = 0,
au2 = 0.9912, δ
u
31 = −0.085,






ad3 = 0.9927, δ
d
12 = 0,
ad2 = 0.9450, δ
d
31 = 0,




With this set of parameters, we obtain the estimates
jV j =
 0.9753 0.2209 0.003570.2207 0.9745 0.04087
0.00869 0.04009 0.9992
 (53)
for the absolute values of the CKM matrix elements,
ρ = 0.1213, η = 0.3765 (54)
for the Wolfenstein parameters, and
J = 3.008 10−5 (55)
for the Jarlskog parameter.
Provided that Mu = 1.817  102 GeV and Md = 3.098 GeV, the values
of the running quark masses at mZ are obtained as
mu = 2.33 MeV, mc = 6.77 102 MeV, mt = 1.81 102 GeV,
md = 4.69 MeV, ms = 9.34 10 MeV, mb = 3.00 GeV, (56)
using Eq. (39). All these results are consistent with experimental results
[32{34].
7 Discussion
We have formulated the universal seesaw mechanism with the universal strength
for Yukawa couplings in the left-right symmetric gauge group G, obtaining
eectively the quasi-democratic mass matrices of specic type. The left-right
symmetric pairs of Higgs elds induce interactions between the i-th genera-
tion of the light fermion doublets and the j-th generation of the heavy fermion
singlets with the coupling constants Y eiφ
q
ij . The universality of the strength
12
for Yukawa couplings is taken strictly here in the sense that Y is common to
the up- and down-quark sectors in a left-right symmetric manner.
The scale dierence for the up- and down-quark sectors, Mu and Md, is
ascribed to that of the heavy quark masses, mU and mD, as






The departure of Mu and Md from the electroweak scale wL is explained
by the seesaw factor 9Y 2wR/mQ. It is the relative phases φ
q
ij of the Yukawa
couplings that explain generational variations of masses in each quark sector.
We found a set of values for the phase parameters φqij which reproduces the
experimental values for the quark masses, the absolute values of CKM matrix
elements, the Jarlskog parameter and the Wolfenstein parameters.















Equations (17) and (58) impose the condition 81Y 2  1 on the strength
Y of the Yukawa coupling constants for the rst seesaw approximation to
hold. This implies that for Yukawa coupling constants with strength Y of
the order, say, approximately 1
2
, the universal seesaw approximation is safely
applicable to all the sectors in our model.
In Eqs. (49)  (52) we have given explicitly a set of parameters which
reproduces the experimental data. The values of the parameters in Eqs. (51)
and (52) display systematic departures from the democratic limit aqi = 1
and δqij = 0. It is not possible to nd, however, any order in Eqs. (49) and
(50) for the values of the phase parameters φqij. Therefore, as far as the
present set of parameters is concerned, it is dicult to conclude that there is
any indication of order or symmetry hidden in the relative phase couplings.
Further numerical analysis must be done to look for all the possible sets of
parameters which can reproduce the present experimental results.
In this article the arguments were restricted to the quark sector. The
present formalism will be applied to the lepton sector, and the puzzles of
solar and atomspheric neutrinos will be analized in a future publication.
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